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Open systems

System is divided into lab 4 and environment B

W) s €EH=Ha®@Hp

Measurementin thelab: O = 04 ® I
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Density matrices

Example: 2 qubit system

[¥)ap=P10)410)5+ ql1) 4 11) 5
(Oa) = [p[*(0]0.410) + |4l (1]O41)

Can not be written as (O 4) = (9|0 4|¢)

Expectation value

(O) = Try, Oupa

Density matrix

pa = 1p*10) (0] + |¢* 1) (1|
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Density matrices

General bipartite system

V) ap = sz‘j|i>,4 ) B

i7j

| A

Density matrix

pa = Trag(|1V) 45 (¥l ap)
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Thermal density matrix

Thermal states obey Boltzmann distribution
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Entanglement entropy

H=Hs®@HB B

Trace over Hilbert space of
environment — pyu

Entanglement entropy is von Neumann entropy of reduced
density matrix

Entanglement entropy

Sa=—Try(palogpa)
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Replica trick

1
@ Calculate S,(4) = 1 log Tr4(p7) on n—sheeted

— N
Riemann surface

@ Continue analytically
@ Sy = lim S,(A)
n—1
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Holographic entanglement entropy

Ryu-Takayanagi formula

. Area(y)
SA_agilgA 4Gy

v

Bulk spacetime
AdS bo/undary

¥
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Mutual information

Entanglement between
two systems A and B

Mutual information

((0408B) — (04)(05))”

Iy.p =S4+ Sp— Saup >
U 20 412|OB|?

Provides an upper bound on correlators between A and B
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Scrambling time

A natural question to ask is when correlators and
entanglement get destroyed by the perturbation?

Scrambling time is defined by

Iy.p(t") =0

Our goal is to compute the scrambling time for
thermofield double state
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Thermofield double state (TFD)

Two non-interacting 2d CFTs with Hilbert spaces H; = Hp
Choose a particular entangled state

Thermofield double state in H; ® Hr

En|

W) = \/—Z

Tracing over 1y, or Hp yields thermal reduced density matrix
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Gravity dual description: Eternal BTZ

N Future /

N, interior 7
t N o ty

\\
il Left ~_~ nght Hp,
exterlor, < exterior|
\
/

7 Past \\

,7 interior
/ A

Two natural choices for Hamiltonian:
@ H=H; Rl -Ip® Hg. t_ =ty =1
@ H=H;, ®1,+1r® Hp. t_— = —t; = t. Approximate
description of two AdS black holes
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Adding a local perturbation

Perturb TFD by a primary operator ¢ in the CFT, at time
—1,, in the past

@ pthermal = P
@ Perturbation in the left CFT (0, —t,) e’ f4)7(0, —1,,)
@ Energy of perturbation is infinite, smear perturbation

(0, —ty) — e*EHLw(O, —1,) et

@ Evolve in time e~ #tp(0) et

pr(t) ~ e Mrtem M0, —t,) e HetPteyt(o, —g,) e eint
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Perturbation in Euclidean time

Simpler in Euclidean time (z+ ir, z — ir)
pr(t) ~ (a2, 3y) "yl (21, 71)
where

T =t + t, + €, Ty =1t_ +t, — i€

i‘lz—t_—tw—iﬁ’ i2:—t__tw+26

Thermal state = 7~ 7+ (8
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Analytic continuation in TFD

(Wl Ox (a1, 0)OL (a2, D] W5) = (V5| Op(a1,0)0%, (m— §) )

One-sided and two-sided correlators in TFD are related
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Setup for mutual information

7
B /s
On, o, I 2
-
l
— tw.-;x ,¢ On \l 5-n 0 T
X Y N -
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Replica trick for Sy

Replica trick — replicate cylinder n times

Glue along the cuts
Instead, twist operators can be used

won (U (w1, 71)on (22, Tn) G (13, 3) UT (24, 74)) o
Trea(® = (0o, ) a0, 21)) )"

r=—t, x=y—t,—t_, m=y+L—1t,—t_, x4=-Iic
Ty =41, Tp=y+l,+t., dm=y+L+t, +i_, Tg=—te
U=ap-Pg-... Y,

U has a ¢, for each copy of the theory

Conformal dimension nh,,
Conformal dimension of twist operators is 2H,

c 1
Hy=S(n--
24 <" n>
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Correlators on the plane

We are in a thermal state on the cylinder

Map to the plane

2"(1?

W) = P+° w(@) = eP-"

@ 2-pt correlators fixed by conformal symmetry
@ 4-pt correlators expressed via conformal blocks G(z,z)

—2H,

- ()
p- . (@ — 33) \ | _
p— sinh (5> G(z,72)
where

L (wn — w)(ws — wy) =14+ fly, L, By, t)e + O(e?)
(wy — ws)(wy — wy)
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Evaluating G(z, z)

4-pt function <\I’(121, El)an(l‘g, i‘g)(}n(xg, fﬂg)\I’T(m, §4)>Cn
contains two light and two heavy operators

Fitzpatrick, Kaplan and Walters considered such setup in
arXiv:1403.6829

c(n—1) o Z%(lf%)z%(lfdw)(l — 2)(1 — %)
6 & Ol Oy

/ 24
Q) = 1-— Chw,

log G(2,2) ~ —

where
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http://arxiv.org/abs/1403.6829

Cross-ratios

27 sinh Z£
r=14 25 o L0
B sinh TUHLZmt) i TU— il
+ +
274 sinh ZL
2=1- 7~ - +0(&)
57 sinh Tr(y+L;t_+tw) sinh W(y+g—+tw)

for y<t +t,<y+1L
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Entanglement entropy Sy

Sp= Sthermal + ASy
Thermal part of entanglement entropy is

7L L
Sthermal = 1Og ( ﬁ+ﬁ sinh — sinh ﬂ)

. MR

0, -+t <y

. w(ytL—t_—t,)\ s (b=t —
¢, . |:5+ sin oy sinh (—(y n )) sinh (—( in y)>]
p— O PR

TE sinh (%’)

0, t—+tw>y+L

No change before perturbations arrives or after it leaves A
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Setup for mutual information

7
B /s
On, o, I 2
-
l
— tw.-;x ,¢ On \l 5-n 0 T
X Y N -
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Entanglement entropy Sj

(U (21, %1)0n(25, 75) (26, T6) U (24, 1)) ¢,

Tl‘p%(t) - ((T/}(«Thil)wT(Ma@l))Cl)n

w5=y+L+i§—tw—t+, xﬁzy+i§—tw—t+

i5=y+L—i§+tw+t+, xﬁ:y—i§+tw+t+

Entanglement entropy remains thermal
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AUB

((@1, 1) o (22, T2) 50 (23, T3) 0 (5, T5) T (6, 6 )T (24, T4))

Trphus =

(W (21, 21)0t (a4, 554)>cl)n
Map to the plane w(z) = exp (g—jx) and

(w1 — w)(ws — wy)
(w1 — ws)(w— wy)

2(w) =

We obtain the following 6-pt function

<w‘0n(zv 2)671(17 l)Un(z5, 25>6—7Z(Z67 26)‘1@
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S and T-channels: Resolution of Identity

(Ylon(2 2)an(1, 1)on(2s, 25) (26, 2)|1)
= (Wlon(22)5a(1, 1)) (alon(zs, 25)5n (2, %) V)

T-channel

<¢|0n(z’ z)6n(1’ 1)0'n(z57 E5)5'n(2567 E6) |T/}>
=) (Ylon(22)5n(2, %) |) (lon(zs,25)5a(1, 1)|9))

a
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S-channel

OPE of twist operators
on(2,2)0,(1,1) ~T+ O ((z—1)") reN
Orthogonality of 2-pt functions

Y (Wlon(% a1, 1)|a) (o] = (Y]on(zDFa(1, 1)4) (¥

«

So the first 4-pt function is the same as in S, while the
second the same as in Sp

Sa,B =S4+ 5B and Iy =0
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T-channel

Again, dominant contribution comes from |a) = |¢).

(Ylon(zs, 25)on(1, 1)[1h) = G(zs, 25)
(W02 2)5n(26, 26) [0) = |1 — 2|* |20 — 26|77 G(%, 22)

Cross-ratios are not the same as in S-channel
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Entanglement entropy Sup

5 3 .
3 TE Y 3 TE Q)
c . (4t —y) m(t +tw —y)
+ -1lo <smh—cosh —)
68 B+ B+
_ w — Y — L w T 9 L
+ < log <sinh m(t+ 4 Y ) cosh m(ty + 1 Y ))
6 By By

t+t,>y+1L
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Mutual information

Mutual information
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Scrambling time

Scrambling time is defined by

Inp(t) =0

t*
Suppose t, > y+ L and E“’ >1

Scrambling time in perturbed TFD

L i L
b =y+=— B—+log (&M) 4 B—Jrlog (QSinhW—>
7 TE @ m B+
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Holographic description

@ Gravity dual of TFD is eternal BTZ black hole

@ Approximate local perturbation of TFD by a free
falling particle in the BTZ black hole

@ Compute back-reaction of particle on metric of BTZ
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Free falling particle

AdS-Schwarzschild patch of the BTZ black hole

dz?
— M2z

R2

= + do?| , 0 ~ 0+ 2m
V4

ds® =

— (1= M) dt2 + — 5

Add a free falling particle satisfying 2(—t,) = ¢
Energy of the particle

= "R A ne

€

matches energy of CFT perturbation if
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Back-reaction in AdS;: Conical defect

Point particle at »= 0, ¢ = 0 in AdS3 coordinates

R2dr?
2 2 2 2
ds* = — (* + R?) dr +T2+R2+72d<p
Back-reaction in AdSs is known:
R%dr?
2 2 2 2
ds* = = (P + B2 — ) dr* + g+ P dp

p=8GNR*m is related to mass of the particle m
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Back-reaction via embedding coordinates

Coordinates in AdS; «+— R%*? +— BTZ coordinates

\/R2+7‘28inT:X():Ru+U

1+ wv
1—
VR:2+1r2cost=X1 =R uvcoshgb
1+ ww
1—wv
inp=Xo=R inh
rsin @ 2 1+uvsm [0)
u—v
=X3=R
7COS 3 T 0

~X2 - Xi+ X3+ X5 = —R?
But w(v) =xr=0
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Initial conditions: static BTZ

Particle at

Map between Schwarzschild and embedding coords

Xo = 1%7 sinh (\/1\715;)

X — \/%z cosh (v/M0)

Xp = \/}iz sinh (V9)

X = R‘/g cosh VMt ) J

35/51



Initial conditions in embedding coordinates

Static BTZ, let ¢, =0

AdS;

Xo(0) = 0
X,(0) = \/%6
X(0) = 0
X3(0) = R 1— Me?
50 =Tk
Xo(0) =0
X(0) = 0
X3(0) =0

1= M2
sinhdg = Y= % tanh Ay = /1 — Me2
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Back-reaction via embedding coordinates

Map to AdSs maps dynamic particle to static particle, apply
boosts: \; in Xy — X3 plane and A\ in X; — X3

1—uv

rsin¢:R1+uvsinh¢
h Ao (1 — My — e~

rcosszCOS 2( u) (tu—e v—tanh)\gcosh¢
14+ wv 1—uw

Geodesic— r=0if

A = VM, tanh Ay = /1 — Me2
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Length of geodesics

Length of spacelike geodesics in locally AdS3 space is known

Let X be region with endpoints (rgo),Téo), wgl)) and
(2 2 (2 (2 ))

1y Too™s P
9= Clog 21 2 cos (| Ar|a) — cos (|A%o|a)]
6 R? a?
where
a=,4/1- %

carries information about perturbation and ¢ = 7230%
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Propagation of perturbation

Perturbation is inserted at z = 0. Region A = [L;, Lo]

@ Earlytime: t_ + ¢, < L1 < Lo.
Perturbation has not reached A yet

@ Intermediate time: Ly < t_ +t, < Lo
Perturbation is propagating in A

@ Latetime: Ly < Ly < t_ + ¢,
Perturbation is outside region A
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Geodesics in the left region

Pick region A to be an interval with endpoints
(IL,ZOO,Ll) and (IL,ZOO,LQ)

R O\2
D2 ~ <Mezoo> Dy Dy

D; = | cosh vV ML; — cosh VM(t_ + t,)]

sinh (\/JT/[(t_ + tw))
cosh (VML) — cosh (VM(t- + )
sinh <\/JT4L)
cosh (VM(1- + ) — cosh (VIIL;)

tan T(i) ~ \/JTJG

tan go(i) ~ v/ Me
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Geodesics in the left region

@ Earlytime: t_ +1t, < L1 < Lo

sinh (\F(t, n tw)>

70~/ Me D
. sinh (v ML;
o0 \/MD)

@ Latetime: Ly < Ly < t_ + ¢,

sinh (\/]T/[(t_ + tw)>
o (VL)
e

. wAL
<B sinh > = Sthermal

T 200 B

70~ — VMe

o'~V Me

Sy~ glog
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Geodesics in the left region

@ Intermediate time: L1 < t_ 4+ t, < Lo

) \/]T/ksmh VMt +t,)
Dy
T(2) ~ mﬁSlnh \/M‘D(t_ —+ tw)
2

At is nolonger O(e). Similarly, Ay ~ 7.

Entanglement entropy is not thermal

[ sin g Sinh (W) sinh (W)

c
6 TE a . L
sinh ( 3 )
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Geodesics in the right region

Nothing happens to first orderin e
Ap=0(e), AT =0(e)

SB > Sthermal J
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Entanglement entropy of AU B

For AU Bwe have two cases
@ Endpoints on the same boundary are connected
@ Endpoints on different boundaries are connected

L2
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Geodesics across the horizon

Fori_ +t¢,> Ly > I,

m(t_+t,—L1) m(L1—ty —tw)
5 cosh 3 :|

2 .
e lo [ cosh "TN B sinmasinh
v =08 T Zoo e a cosh 75

cosh

w(t_+t,—La)
B

w(Lo—ty —ty)
ﬁ ]

L.2Y ~
TE a cosh"TAt

2
B cosh T&¢ i sinh
log |:< 3 B sinma

T 200

C
Saup = E(L% +12)
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Scrambling time

Scrambling time is defined by

IA:B(tZ) =0

t*
Suppose t, > Ly and E“’ >1

Scrambling time in perturbed TFD

Li+ L i Ly — L
=2 Tl B log P sinma + p log ( 2sinh m(le = L)
2 27 TE @ s I}
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Rotating BTZ

Rotating BTZ, let t, = 0, roc = Re™!

Xo(0) =0 AdS3
2, — 12 Xo(0)=0
X =
10 =R o X,(0) = R
X2(0) =0 X2(0)=0
X3(0) =0
2, — 13 3
X3(0) = Ry | o
3( ) 7_2+ _7,%

Rt

hhe = (2T ginhog = | T fanh g = | T
COS 2 = 'y’i—rz’ Sin 2 = 71_727, an 2 = R2—7‘2762

tanh Ao = /1 — k€2 + O(e?)
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Idea #1: Diffeomorphism

Rotating BTZ coordinates <— R?? <—; Static BTZ

R 1U++UI; cosh r;zq’ —f 1‘;_Ul1]/ sinh rf =Xo=R 1UJ:L Jv
Ri; ggcosh TE(I) =X; = 1; Zz cosh ﬂ
Ri :L g{‘;sinh Tf — G — Ri J_r ZZ sinh 7%
R 1‘;_Ul{/ cosh T;zq) — A 111+U1¥/ sinh rf =X =R 1u+_ Jv

U= Uexp(TR(b), v= Vexp<—?>, o=e
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Idea #1: Diffeomorphism

Rotating BTZ coordinates <— R?? <—; Static BTZ

R1U++UI(/ cosh r;zq’ —f 1‘;_Ul1]/ sinh rf =Xo=R 1UJ:L ;v
Ri; ggcosh TE(I) =X; = 1; Zz cosh ﬂ
Ri :L gzsmh Tf — G — Ri J_r ZZ sinh 7%
R 1‘;_Ul{/ cosh T;zq) — A 111+U1¥/ sinh rf =X =R 1u+_ Jv

U= Uexp(TR(b), v= Vexp<—?>, o=e

NOT AN ISOMETRY!
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Back-reaction map for rotating BTZ

Diffeomorphism

u= Uexp <T_R¢) , v= Vexp <_7’_qu>

Can be written as
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Length of geodesics in the rotating BTZ

The effect of angle dependent “boost”

@ Thermal entropy of static BTZ — rotating BTZ
@ Change of entropy due to perturbation g — 5

Example

In static case A¢ = 0

C ﬁ2 ) TAL
Sthermal = EIOg (71'222 sinh” B )

Rotating case A¢ o< AL

BB . mAL+AP . m(AL— A@)

S, ‘)
thermal = % 108 S S
W I5; I5;

6

v
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Summary

@ 2D CFT

We perturbed TFD state with primary operator
Computed entanglement entropies of two regions
Entanglement entropies of union of regions
Found mutual information

Calculated scrambling time

Q Gravity
e Perturbed BTZ with a falling particle
Mapped to AdSs
Computed back-reaction
Engtanglement entropy via length of geodesics
Diffeomorphism between rotating BTZ and static BTZ

®© 6 6 06 0
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